Quantum electro dynamic equations for magnetic resonance- and optical spectroscopic 

transitions 
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Quantum electrodynamic equations for magnetic resonance- and optical spectroscopic transitions 
have been for the first time obtained. New phenomena - stochastic electrical and magnetic spin 
wave resonances are predicted to be the effects of EM-field quantization. 
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Spectroscopic description of the systems, interacting 
with electromagnetic (EM) field including the descrip- 
tion of transitional effects, for instance, Rabi oscillations, 
free induction, spin echo in magnetic resonance spec- 
troscopy and corresponding optical analogues in optical 
spectroscopy is achieved within the framework of gyro- 
scopic model based on classical Landau-Lifshitz (L-L) 
equation The gyroscopic model for transition dy- 
namics and for description of transitional effects was in- 
troduced formally 0] by F.Bloch. Then L-L equation 
and Bloch equations, based on L-L equation, were sub- 
stantiated quantum-mechanically in magnetic resonance 
theory, however the only for the motion of magnetic mo- 
ment in external magnetic field [3], fs*]. The applica- 
tion of given equations for the description of dynamics 
of magnetic resonance transitions was in fact postulated. 
The development of gyroscopic model for the character- 
ization of optical systems, interacting with EM-field was 
done on the base of density operator formalism, see for 
instance [1] , Q and optical semiclassical Bloch equations 
were obtained. However, it will readily be observed, that 
there is some vagueness with clear physical meaning of 
the quantities, used in optical Bloch equations. In a cer- 
tain sense the vectors P, E (see eq.2 below) entering 
optical Bloch equations are in fact some mathematical 
abstractions. Really, like to magnetic moment and mag- 
netic field vectors in magnetic resonance Bloch equations, 
both the vectors P, E have necessary axial symmetry, 
however in artificial way @. For instance, P (it is called 
usually Bloch vector) has two components Px , Py of polar 
electric dipole moment vector, that is both the compo- 
nents remain without any physical meaning change. At 
the same time the third component of P has entirely 
different physical meaning and it is considered to be pro- 
portional to the population difference between the energy 
levels, see for example (3), Mathematically the ob- 

jects, which are like to Bloch vector, can, naturally, exist, 
although they can produce the only affine space, which is 
not metrizable. However, physically the model, in which 
the part of components of characteristic vector possess 
by different symmetry (polar in given case) in compari- 
son with the final symmetry (axial) of vector itself seems 
to be incorrect. Given conclusion is especially evident. 



if to take into account, that the nature of the spectro- 
scopic transitions has to be the same in optics and in 
magnetic resonance, since it is experimentally confirmed, 
that they can be described by in fact the same mathe- 
matical equation. Let us remember, that the analogue of 
optical Bloch vector in magnetic resonance spectroscopy 
is full magnetic moment, that is pure axial vector with 
peer all the three components. Second aspect, concern- 
ing known variants of gyroscopic model, is the fact, that 
all known versions are classical or semiclassical. In other 
words, EM field is considered always classically. How- 
ever, it is well known, that some phenomena, for exam- 
ple quantum beats Q , cannot be described classically or 
semiclassically in principle. Therefore, it is reasonable to 
suggest, that with help of complete quantum model can 
be predicted some new effects, accompanying magnetic 
resonance and optical absorption phenomena. 

The main aim of present work is the derivation of fully- 
quantum equations for the spectroscopic transitions in 
the system EM field plus matter with clear physical sense 
of all the quantities (for the case of simple ID model 
of quantum-mechanical matter subsystem) and to pre- 
dict some new effects, which can appear due to EM field 
quantization. 

Classical L-L equation [H is given by the following 
equation ^ 



(1) 



where S is magnetic moment, H is effective magnetic 
field, 7h is gyromagnetic ratio. Optical analogue of L-L 
equation is the equation 



(2) 



where P is Bloch vector, E is vector, which is consid- 
ered like to Bloch vector to be some mathematical affine 
space abstraction, since Er,. , Ey components characterize 
the genuine electromagnetic properties of the system and 
they are the components of polar vector, at the same time 
the axial vector component E^ does not refer to electro- 
magnetic characteristics. Further, 7e is gyroelectric ra- 
tio, although it was called so the only tentatively, and 
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its analogy with gyromagnetic ratio was suggested. Let 
us consider the system, representing itself the periodical 
ferroelectrically (ferromagnetically) ordered chain of n 
equivalent elements (elementary units), interacting with 
external oscillating electromagnetic field. It is assumed, 
that the interaction between elements of the chain can be 
described by the Hamiltonian of quantum X Y Z Heisen- 
berg model in the case of a chain of magnetic dipoles and 
by corresponding optical analogue of given Heisenberg 
model in the case of a chain of electric dipoles. We will 
consider for the simplicity the case of isotropic exchange. 
Each elementary unit of the chain is proposed to be two- 
level quantum subsystem like to one-electron atom. Then 
Hamiltonians for the chain of electrical dipole moments 
and for the chain of magnetic dipole moments will be 
mathematically equivalent. The chain for distinctness of 
electrical dipole moments can be described by the follow- 
ing Hamiltonian 

n = H^ + + H^^, (3) 

where Ti.'^ is chain Hamiltonian by the absence of the in- 
teraction with EM field, is field Hamiltonian, 
is Hamiltonian, describing the interaction between quan- 
tized EM field and atomic chain. In its turn, Hamiltonian 
is 

n^^H^+H^ (4) 

where TiP is chain Hamiltonian in the absence of the inter- 
action between structural elementary units of the chain. 
We suggest, that given structural elementary units are 
optical (magnetic) centers with one electric (magnetic) 
dipole pro center. TC'^ is Hamiltonian of exchange in- 
teraction between given centers. To obtain the equa- 
tion, describing the transition dynamics, we will use the 
transition operator method. Given method was used in 
atomic spectroscopy, see, for instance, [1]. The essence 
of the method, adapted for our task, is the following. 
Let {|rn;)}, / — m = ct,P, be full set of energy 

states oi I — th optical (magnetic) center of the chain in 
the absence of the interaction both between the centers 
themselves and with EM field. Here \ai) is lower state 
and 1/3;) is upper state. They are eigenstates oi I ~ th 
item in Ti", I = l,n. It means, that HP is 

n 

H° ^^^Smv\my){my\. (5) 

v—l m 

Here m = a, (3, £mv are eigenvalues of Ti", which cor- 
respond to the states \m^) of v — th chain center. Let 
set up in correspondence to the states |ji,), v = the 
operators 

ar^\j,){m,\, (6) 

where j = a, (3,m — a, p. Then, it is evident, that oper- 
ators (T+ = \/3v) {oiv\ are the operators, which transform 
eigenstates |a„) into \f3v) and operators a~ = |a„) 



are the operators, transforming eigenstates |/3„) into \av) 
for Vu, V — l,n. Let define also the operators trj = 
IPv) {Pv \ — Ictv) {<^v\- The operators ct^ transform for V?;, 
V = 1, n, the sum of states |/3^y) -I- \av) into their differ- 
ence and the reverse is also true. The above defined set of 
spectroscopic transition operators can be completed by 
unit operators , v = l,n, which, owing to complete- 
ness of state sets can be represented by the following 
relationship 

(jf = ^ |to„) (m„| , (7) 

m 

m — a, (3, and by zeroth operators aJJ, v — l,n, which 
can be defined in the following way 

al^ai^al (8) 

where j ~ — , +, z, E. It is easy to show, that at fixed v 
the set of transition operators is closed relatively the al- 
gebraic operations of commutation and anticommutation 
and relatively the operation of Hcrmitian conjugation. 
For instance, the relationships for commutation rules are 

[ai^,dl^]=a[^5r^p-ar5^u (9) 

that is, 

[cr-.&l] = 2ct-, [al,a+] = 2a+, = a^. (10) 

So it is seen, that in comparison with the method of den- 
sity matrix, which gives the relationship for probabilities 
of the states, we are dealing in spectroscopic transition 
operators' method immediately with the states. Let us 
define the vector operator: 

(Ti, = (T^ e+ + (7+ e_ -I- (T^ e^. (11) 

It seems to be the most substantial for the subsequent 
consideration, that a set of ct™ operators, where m is 
z, -, 0, E, produces algebra, which is isomorphic to 
5 = 1/2 Pauli matrix algebra, completed by unit and 
zeroth matrices, that is, mappings fy : aj^* — > (Tp realize 
isomorphism. Here w is a number of chain unit, cr™ is 
extended set of Pauli matrices for the spin of 1/2. Con- 
sequently, from physical point of view tr^ represents itself 
some vector operator, which is proportional to vector op- 
erator of the spin oiv — th chain unit. Vector operators tr^ 
produce also linear space over field of complex numbers, 
which can be called transition space. It is 3-dimensional 
(in the case of two- level systems), that is 3 matter op- 
erator equations of the motion for components of ffy is 
necessary for correct description of optical transitions in 
semiclassical approach. Isomorphism of Pauli matrix al- 
gebra and spectroscopic transition operators' algebra al- 
lows to change the spin variables in Heisenberg exchange 
Hamiltonian by components of vector ay. Then Hamil- 
tonian TC^' , taking into account the relationship ([5]), can 
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be represented in the form 



, n 1 



(12) 



1 



where is optical analogue of the exchange interaction 
constant. Here, in correspondence with the suggestion, 
Jff = J% = J^-. = J%. The first and the second items 

__ E E E 

in were obtained taking into consideration the only 
definition of operators a^, v = 1, n. The v-th component 
of the sum in the second item of represents physi- 
cally the operator of the shift of the energy reference for 
v-th chain unit. Expression (|12p is obtained by using of 
the basis e+ = ^{e^ + icy), e_ = ^{e^ - iey),ez = e^. 
Note, that in given basis the representation of compo- 
nents of spin vector operator by means of Pauli matrices 
and, correspondingly, the representation of components 
of spectroscopic transition vector operator by Pauli 
matrices, has the most simple form. We also suggest 
that the full set of eigenstates for all the n elements - 
{jay)} and {\Pv)} - can also be considered to be basis set 
in Hilbert space for Hamiltonian Ti.. It is evident, that 
given assumption can be realized strictly the only by the 
absence of the interaction between the elements. At the 
same time proposed model will rather well describe the 
real case, if the interaction energy of adjacent elements 
is much less of the splitting energy hwy = £yp — S^a be- 
tween the energy levels, corresponding to the states |a^) 
and \(3v)- Given case includes in fact all known experi- 
mental situations. In the case of the chain of magnetic 
dipole moments is replaced by the exchange interac- 
tion constant Jjj, and the frequency LOy is replaced by 
jigvufinHo = ^^hHo, where Hq is external static mag- 
netic field, (3h is Bohr magneton, g^n is g-tensor, which 
is assumed for the simplicity to be isotropic. It is clear, 
that Hamiltonian H'-^^ of interaction of quantized EM 
field with atomic chains can also be represented in the set 
of variables, which includes the components of spectro- 
scopic transition vector operator dy- Really, suggesting 
dipole approximation to be true and polarization of field 
components to be fixed, we have 



spontaneous emission is relatively small, we will have 
pim _ pjii ^ where I — a,f3,m — a,/3. Let define 
the function 

Ifk = -'jiPM ■ ep^ne-^-"^'"-''' (14) 



Then the expression (jl3p can be rewritten in the form 

n 

where ai is creation operator, superscript * in q* jj: 
means complex conjugation. Field Hamiltonian has usual 
form 



= J2f^ki^pk + h■ 



{16) 



The equations of the motion for spectroscopic transition 



operators di and for field operators d^:, ai are 



= [dr,n]e+ + [<7+, Tile- + [cTf,H]e,, (17) 



= [^k'^n,^h^ - (18) 



dt ' ' " dt ' fc' 
Then, using jSl [HI [HI [H [TO]) we obtain 
daf 2i 



dt h 



dt 



iJff 



+ ^ {{^t - i^hi + ^Li)] - K , {^t+i + i)}) 



X 



j=l l^m m J (13) 



dt 



jk ' 



(20) 



where p^™ is matrix element of operator of electric dipole 

moment Pj of j-th chain unit between the states \lj) 
and \mj) with Ij — aj,(3j,mj = aj,(3j, eg is unit po- 
larization vector, ep is unit vector along Pj-direction, 
is the quantity, which has the dimension of electric 

field strength, k is wave vector, is field annihilation 
operator. In the suggestion, that the contribution of 



dot, , 

h ■ ■ 



dt 



^E(-;+-7)V' (21) 



where expressions in braces { , } are anticommutators. 
Let define vector operators 

Gi-i,i+i = 5^-1.1+1^+ + + Sf-Li+i^z, (22) 
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where their components are 



g^i+i = + (23b) 



GUi+i = -fi^i+i + ^U)- (23c) 

Here 6^^ = (/;gaj + atg*jg. Then the equations (fTOl [201 
[2T|) can be represented in compact vector form 



(24) 



9t 



a-, 

A; 



= —iLOri cr 
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-E(^;+'V)'^> 

n 

i:(^;+-7H-£' 



(25) 



where I ~ 2,n — \^ \\g\\ is 



1 
1 
4 



(26) 



CTp is PauU z-matrix. It is remarkable, that vector prod- 
uct of vector operators in ([24ll can be calculated by using 
of known expression (|?f|) with additional coefficient ^ the 
only, which is appeared, since 



$1 <S) Gi-i,i+i 



X e+ 



6*2 



(27) 



the products of two components of two vector operators 
are changed by anticommutators of corresponding com- 
ponents. Given detail is mapped by symbol (55 in ([24]) 
and by symbol ' in determinant ()27|) . The definition pro- 
posed seems to be natural generalization of vector prod- 
uct for the case of operator vectors. Really, the result 
will be independent in given case on a sequence of com- 
ponents of both the operator vectors in their products 
like to vector product for usual vectors. Naturally, the 
expression for determinant in (|27)) can be used for cal- 
culation of vector product of usual vectors too. Taking 
into account the physical sense of vector operators ai we 
conclude, that equations ((Ml represent themselves 
required quantum electrodynamic difference-differential 
equations (the time is varied continuously, the coordi- 
nates are varied discretely) for the description of the dy- 
namics of the spectroscopic transitions (in the frames of 



the model proposed) . It follows from here in view of iso- 
morphism of algebras of operators ak and components of 
the spin, that the (|24p is quantum electrodynamic equiv- 
alent to L-L equation (in its difference-differential form). 
Consequently we have proved the possibility to use L-L 
equation for the description of the dynamics of spectro- 
scopic transitions, and, consequently, for the description 
of transitional effects. In comparison with semiclassical 
description, where the description of dynamics of spec- 
troscopic transitions is exhausted by one vector equa- 
tion (L-L equation or L-L based equation), in the case 
of completely quantum consideration L-L type equation 
describes the only one subsystem of two-part field-matter 
system. Consequently, we can really expect new effects, 
which can be predicted the only by QED consideration of 
resonance transition phenomena. Further some qualita- 
tive reasoning are proposed in favor of given conclusion. 
It can be shown, that the equations ((24l [25)1 represent 
themselves vector-operator difference-differential gener- 
alization of the system, which belong to well known fam- 
ily of equation systems - Volterra model systems, widely 
used in biological tasks of population dynamics studies, 
which in its turn is generalization of Verhulst equation. 
So, the interest represents for instance the fact, that by 
some parameters in two-sybsystem Volterra model the 
stochastic component in solution is appeared. It means, 
that the results obtained allow to predict, for instance, 
stochastic electric (ESWR) and magnetic (MSWR) spin 
wave resonances, that is spin wave resonances, where 
stochastic component for the quantities (all or some), 
characterising the resonances can be appeared. It will 
also be new stride toward widening EWR. -state frontier 
in possible practical applications. For instance, taking 
into account the same representation (to constant num- 
ber factor) of spin vector operator and vector operator of 
spectroscopic transitions (jlip we can detect, along with 
magnetic resonance methods, a spin value of particles, 
quasiparticles, impurities or other centers in solids by 
optical methods, that is by the study of ESWR or tran- 
sitional optical analogues of magnetic resonance phenom- 
ena. 

Let us discuss some dephasing and relaxation pro- 
cesses, which can take place by spectroscopic transitions. 
Substantial role in dephasing and relaxation processes in 
solid state systems plays electron-phonon interaction, see 
for instance 0) Q • To take electron-phonon interaction 
into consideration, we add to Hamiltonian ^ the follow- 
ing terms 

nP ^Y.f'Mbfk+h^ (28) 



^'''^ = EE^?(^f +M<^I' (29) 

where bi (b^) is the creation (annihilation) operator of 
the phonon with momentum q and energy ?iz^^, A^- is 
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electron-phonon coupling constant. From equations of 
motion (|17p . we obtain the additional terms in equa- 
tions for af: —2 ^^y^qib'^+b^)a'^ . Equations for af , a^/ , 
at, do not change. We obtained also the equations for 
new variables h^: 

r)h ' " 

^^ = -z^^.6^._l^A,-a|, (30) 

^=-.~^?+^EV|- (31) 
Given equations can be formally integrated to yield 

h^{t) = b^{Q)e-'-^^--Y^\^ / a;(t')e-''''(*~* ^di' (32) 
and analogously for Ift [t) . Hence the additional terms in 



equations for take the form 

-2 A,4V(0)e— + 6+(0)e-'^*]<7±(t) 
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Thus, QED equations for dynamics of spectroscopic 
transitions have been for the first time derived with clear 
physical sense of the quantities for both radio- and opti- 
cal spectroscopy. It has been established, that Landau- 
Lifshitz equation is fundamental physical equation un- 
derlying the dynamics of spectroscopic transitions and 
transitional phenomena for matter subsystem of reso- 
nance interacting system field-matter. New phenomena 
- stochastic electrical and magnetic spin wave resonances 
are predicted to be the effects of EM-field quantization. 
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